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Generalized Nonlinear Optimal Predictive Control Using Iterative State-Space

Trajectories: Applications to Autonomous Flight of UAVs
Marina H. Murillo*, Alejandro C. Limache, Pablo S. Rojas Fredini and Leonardo L. Giovanini

Abstract: Model Predictive Control (MPC) is a modern technique that, nowadays, encapsulates dif-
ferent optimal control techniques. For the case of non-linear dynamics, many possible variants can be
developed which can lead to new control algorithms. In this manuscript a novel generic control system
method is presented. This method can be applied to control, in an optimal way, different systems hav-
ing non-linear dynamics.

Particularly, in this paper, the proposed technique is presented in the context of developing a control
system for autonomous flight of UAVs. This technique can be used for different types of aerial vehi-
cles having any type of generic non-linear dynamics. The presented method is based on the use of it-
eratively defined optimal candidate state-space trajectories in global state-space. The method uses a
generalized linearization process which, opposite to standard methods, does not need to be predefined
in a certain equilibrium state but instead it is performed along any arbitrary state. The technique al-
lows the inclusion of constraints with ease.

The presented technique is used as a centralized control system unit that is able to control the full air-
craft dynamics without the need of decoupling the system in different reduced modes. The technique
is tested by making a Cessna 172 airplane model to perform the following autonomous unmanned
maneuvers: climbing at constant speed to a desired altitude, heading change to a desired flight direc-
tion, and, coordinate turn.
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Unmanned Aerial Vehicles.

1. INTRODUCTION

In the last decades, navigation and control techniques
such as feedback control [1-3] have led to modern con-
trol techniques such as model predictive control (MPC)
[4-7] and others [8-11]. With MPC one can work with
multi-variable discrete state space models [12]. MPC
allows the treatment of physical systems constraints and
fits well in the case of aircraft dynamics [13-16] where
control inputs as well as states variables must meet cer-
tain limits.

MPC is formulated by solving an on-line optimal con-
trol problem [17,18]. Control inputs are determined with
a refresh rate equal to a given discretization period AT;.

The optimal control sequence valid for a given time

control horizon t" is calculated by minimizing an ob-
jective function subject to state and inputs constraints

during a prediction time horizont™ . The control se-

Manuscript received September 04, 2013; revised May 28,
2014; accepted July 23, 2014.

Marina H. Murillo, Alejandro C. Limache and Pablo S. Rojas
Fredini are with the Research Center of Computational Methods
(CIMEC), CONICET, Santa Fe, Argentina. (e-mail:
marinahmurillo@gmail.com, alejandrolimache@gmail.com and
srojasfredini@santafe-conicet.gov.ar)

Leonardo L. Giovanini is with the Research Center for Signals,
Systems and Computational Intelligence (SINC), FICH, Univer-
sidad Nacional del Litoral, Santa Fe, Argentina. (e-mail:
llgiovanini@googlemail.com).

* Corresponding author.

guence is assumed to remain constant for " >t>th
The obtained optimal control input corresponding to
the first sampling instant is then applied to the system
and the calculation is restarted displacing the prediction
horizon forward to the next sampling in-

stant (t? <—tP + AT,). The computation of new predic-

tions at each sampling rate compensate for unmeasured
disturbances. A review of MPC can be found in [19,20].
This paper presents a novel non-linear optimal predic-
tive control algorithm that can be used for general non-
linear system dynamics [21]. The method uses an itera-
tive state-space trajectories linearization process to find
the optimal discrete control inputs. The mathematical
algorithm is presented in the application context of con-
trolling unmanned aerial vehicles. Both, the automatic
control operation and the non-linear predictive control
method are presented. The presented technique, named
Iterative Non-linear Model Predictive Control (INL-
MPC), is used as an automatic control system unit which
allows an unmanned aircraft to fly and perform different
autonomous maneuvers, such as, climbing, descend,
change of heading and coordinated turns, in an optimal
way. For this specific application, the UAV state-space
representation consists of twelve differential equations
that describe the behavior and dynamics of a complete
six degrees of freedom (6-DOF) aircraft [2]. In Section
2, the non-linear aircraft model is presented. In Section
3, the theoretical linearization approach on generalized
state-space trajectories is presented. In Section 4, the
proposed non-linear MPC method is described. In Sec-
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tion 5, a group of selected automatic control maneuvers
are presented using a Cessna 172 aircraft model as the
unmanned vehicle. The following maneuvers are tested:
1) Climbing at constant speed, 2) Change of heading
direction of the flight path maintaining constant speed
and altitude and 3) Coordinated turn at constant speed
and altitude.

The proposed control system has been implemented in
the flight simulator Excalibur for its evaluation. This
simulator has been developed at the Research Center of
Computational Methods (CIMEC) [22]. The use of the
flight simulator facilitates the testing of different control
systems and it enables to verify that the desired maneu-
vers are performed in real time. The control module is
implemented as an independent subsystem.

2. NON-LINEAR SYSTEM DYNAMICS

A general representation of the non-linear dynamics of
an arbitrary system is given by the following first-order
differential equation:

x =f(x,u) (1)

where x is the vector of system's states, u is the vector of
system's inputs or controls, x is the vector of state rates

and f is a vector function that depends on the system
being modeled.

2.1. Non-Linear Aircraft Dynamics

In the context of applications to developing control
systems for autonomous flight of unmanned aircrafts, the
full order aircraft system is represented by the following
state vector:

.
X=[X Xy X3 X4 X5 X5 X7 Xg Xg Xqg X33 Xq2]

@)
=y a Bé Oy pagrxyye hI'

of dimension Ny =12 whose components are given by:
— V;, aand f are the true airspeed, the angle of attack

and the sideslip angle, respectively.
— ¢, @and y are the Euler angles that define the roll,

pitch and yaw orientation of the Body frame with re-
spect to the North-East-Down (NED) reference
frame.

— p, q and r are the components of the aircraft's
angular  velocity vector in  Body  axes
(XBody » YBody » zgody), respectively.

- Xy Yeand zp =-h are the components of the

aircraft's CG position with respect to the NED refer-
ence frame.
The vector uis assumed here to be given by the follow-

ing N; = 4 aircraft control variables:
u=[u U, Uz u,J" =[thtl 5, 5, 5, )

where &, is the elevator deflection in degrees, ¢, is the
aileron deflection in degrees, o, is the rudder deflection

in degrees and thtl is the position of the throttle column
whose value is between zero and one.

Following [2], in the case of arbitrary aerial vehicles,
the vector function f(x,u) is given by:

(ua+w +ww) /v,
(uw—wu)/ (u? +w?)
(W, =) / (v cos f3)

p +tan #(qsin ¢ + r cos ¢)
qcosg—rsing

z | (gsing+rcosg)/cosd

Flow = (Cr+c,p)q+csMy +¢,M, )

Cs Pr—c(p> —r?) +¢,M,

(cgp—cCyr)q+c,M, +¢M,
uby; +vby; +why,

uby, +vb,, +whs,
—Uby3 —Vby3 —whgg

where

_ bij
Bg defined in page 37, Eq. (1.4-10) of [2]

— ¢ are coefficients related to the aircraft's inertia

moments and are defined in page 80, Eq. (2.4-6) of
[2]

-  u=rv—gw-gsiné+F,/m

are the components of the rotation matrix

- V=-ru+pw+gsingcosd+F, /m

-  W=qu-—pv+gcosgcosd+F, /m

-V =(uo+w+ww) /v,

- K =RKXxu), F, =F(xu), F,=F(x,u)are the
total forces (aerodynamic plus propulsion forces)
acting on the UAV expressed in Body Frame coor-

dinates. These forces explicitly depend on the state
and control variables x,u .

- My =M;(xu),M, =M (xu),
M, =M, (x,u) are the total moments (aerodynamic

plus propulsion moments) with respect to the CG
position acting on the UAV, expressed in the Body
Frame system. These moments also explicitly de-
pend on the state and control variables.
The aerodynamic and propulsion forces and moments
depend on the unmanned aircraft being modeled.

2.2. Predicted State-Space Trajectories

Now, consider the airplane at certain time t°, and as-
sume it is in an arbitrary state (x°,u’) . Now assume that
the airplane is going to be controlled by a series of h,
consecutive piecewise constant controls (See Fig. 1)

Up :[uluz...uk...uhp]T (5)

during a time period [t°,thp]. Each control u* in Eq.
(5) is applied during a time interval [tk‘l,tk] of length
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Fig. 2. Predicted state-space trajectories.

AT,.The discrete times are defined as t“ =t° +KkAT,.
Notation: From now on superscripts to denote the dis-

crete values of variables at different discrete times t*
will be used. For example, the value of variable y(t) at

time t* will be denoted by y* .

With the airplane at the initial state x° and given the
first control input U, (1) =u!, Eq. (1) can be integrated
using for example a Runge-Kutta integration algorithm,
to find the airplane's new state x* at time t'. Iteratively,

the subsequent states x¥ associated to the control se-
quence U, defined in Eq. (5) can be determined to find

the vector of predicted states:
T
x:[xl)(Z...Xk...thJ (6)

The above defines an airplane state-space trajectory
T(U,) , as shown in Fig. 2. Of course, a different con-

G .
trol sequence U}’ :

. q (i k.G hy(i) T
U(,;>=[u1(')u2('>---u M ..M } )
will generate a different state-space trajectory T(U®)

with its corresponding vector of predicted states X(I) :
x® = [xl'(i)xz*(i) caxo® ~--xh”’(i)T (8)

This is also shown in Fig. 2.

3. GENERALIZED LINEARIZATION, CON-
STRAINTS AND TIME-DISCRETIZATION

3.1 Linearization

The non-linear state equation (1) can be linearized by
expanding f(x,u) into first order (or into a higher order
[23]) Taylor series around an arbitrary operating point

(Xe»Ue) ([2].[17]):

«~F of of
Xzf(xe,ue)+&|(xe,ue) (X_Xe)+%|(xe,ue) (u-u) (9

where Z—fand 2—f are the system's jacobian matrices
X u

evaluated at (X,,U,) .

The linearization point (x,,u.) is an arbitrary point,
physically realizable, defined by a flying state x, in
which the position of the controls are specified by the
control vector u, . Note that f(x,,u,) can be calculated
for every (x,,u,) using Eq. (4) and can take nonzero
values. Then, if

_ of
A= ou |(XerUe)’ (10)

d =f(X,,U.) — AX, —Bu,

of _
ox 0.0y B =

are defined, the Eq. (9) can be written in compact form
as

X(t) = AX(t) + Bu(t) +d (11)

The general solution of (11) is

x(t) = e x(t,) + [ A IBU(r)d 7 +
e
(12)
+[; A dde

3.2. Linearization along a predicted state-space
trajectory

As can be seen in Section 2.2, different control inputs

sequences define different state-space trajectories. Then,

assume that, at time t°, the airplane is at a known state
(x°,u°) and that during the prediction horizon [t°,t" ] it
will closely move along a predicted state-space trajecto-
ry T(UY)which is defined by the vector of control

inputs U and predicted states X" given in Egs. (7) and
(8). Now, proceed to linearize Eqg. (1), in each time-
interval [t*,t*"], using as linearization points (X,,U,),
the states and control inputs (x*®, u*®) associated to

the predicted state-space trajectory T(U(;)). Then, for

each time interval [t*, t**

in Eq. (10) become:

], the linearized matrices given

k k,G) _ of
Ak = Ak —&L(k,(i)’uk,(i)y
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k kGy _ of
Bk — gk — u |xk’(i),uk'(i) ) (13)
dk = dh® ZF k@ Y@y Akyk® _ gk

Now, these matrices can be used into Eq. (12) to pre-

dict the state x**1at time t“**given the state x¥at time

t“and the applied constant control u**!(see Fig. 1),
then:

k= ARk 4 Bkt G gk (14)
where

k
A = AT GF =j0“5 e”7dr, B =GB (15)

are the discretized versions of the linear system matrices
(13). Eg. (14) becomes the discrete state-space represen-
tation of the linearized airplane model.

Iterating the model described by (14) along the con-

secutive times t*with k =0,l,...,hp -1, it can be seen

that the vector of predicted states, defined in Eq. (6), can
be calculated as:

X=Px’+H,U, +H D (16)
Matrices D, P, H,and H are defined in the Appendix.
3.3. Constraints

In discrete time, the constraints in control inputs, con-
trol inputs rates and states can be expressed as follows:

uy, <u <uyk=1--hy, A7)
UESUkSUkMk=1,‘,hpy (18)
and

X <X <xyk=1--,hy (19)
where (u'§n , u';,l) represent the min-max constraints on the
controls, (ukm,u‘;,,)represent the min-max constraints on
the controls rates and (x,x, ) represent the min-max

constraints on the states.
The Eqg. (17) can be written in matrix form as:

I Uy
L' p:lup - {—UJ )

where U,, and U, are vectors that contain the upper and
lower limits of the control inputs respectively and 1 is
an identity matrix of dimension (N; xh;)x(N; xh,).

Similarly, evaluating for k=1,---,h, Eq. (18) can be
written as follows:

. AUp .
Un < AT <Uwm (21)

S

where Uw and Un are vectors that contain the upper and

lower limits of the control inputs rates, respectively, and
where:

AU, =EU, +U, (22)
where Eand U, are defined in the Appendix.

The control inputs rates constraints (21) can be ex-
pressed in matrix form as follows:

[E U -u

}Ups M ATS{ 0} (23)
-E : U,
L —Um_

Using Eqg. (14), the states constraints (19) become:

[H Xu | [-P -H

LS I P X+ D (24)
| —H, Xl LP H,

where X,, and X, are vectors that contain the upper

and lower limits of the states, respectively.
Finally, putting together Egs. (20), (23) and (24), the
restrictions can be grouped as

AineqU p = l:)ineq (25)

Matrices Ay, and bj.., are defined in the Appendix.

4. ITERATIVE NON-LINEAR MODEL PRE-
DICTIVE CONTROL (INL-MPC)

The proposed INL-MPC algorithm is a general algo-
rithm extending classical MPC capabilities in order to
control non-linear systems. The proposed method reduc-
es the problem of non-linear optimal control of a non-
linear system to a series of iterative, easily solvable,
quadratic optimization suproblems (later defined in Eq.
(40)). In order to achieve this, it uses a generalized line-
arization process which is performed along iteratively
defined candidate state-space trajectories in global state-
space, while classical MPC generally uses a linearized
model in one or more certain equilibrium states. The
presented method does not require the definition of equi-
librium states. The INL-MPC method can be seen as an
iterative succession of time-varying linear MPC meth-
ods.

4.1. Quadratic Objective Function

MPC uses the prediction of future behavior of a sys-
tem in order to determine a sequence of optimal control
inputs which minimize an objective function or cost
function J(x,u). The cost functionJ penalizes the er-

rors between predicted states x and desired states Xxg, . It

can also penalize changes in control inputs u .
A quite general continuous-time form of the objective
function J can be written as:

h
J(x,u) = jt‘op [ =307 Qy (ep =)+ (5 —8)7 Q; (% —X) +
+(Ug ~U)" R, (U, —u) + (U, —U)" Ry (U, —U)]dt

(26)
where Q, and Q, are positive semidefinite matrices and
R,and R, are positive definite matrices and X, , X, ,
Ug,and Ug, specify the setpoints of the states variables,
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states variables rates, control inputs and control inputs
rates respectively, and are defined as follows:

T
Xsp = I:Vtsp asp ﬂsp ¢sp Hsp l//sp psp qsp rsp XNSp yESp hsp :| ! (27)
A 7 A . . . . D - : T

XSP = I:Vlsp aSP ﬂSp ¢Sp esp l//sp psp qsp rsp XNsp yESp hsp i| 1 (28)
T

Uy = [ty 0, 5, 5, | (29)

. . .. LT

Uy, = [thtlsp 8, b 8y, ] (30)

In this work, it will be enough to consider a reduced
cost function penalizing states deviations and rate-
changes in control inputs, only. As a consequence, ma-
trices Q and R, are assumed to be zero. Additionally,

control inputs with minimum motion are desired, so ug,

is set equal zero. With these assumptions, the discrete
form of Eq. (26) becomes:

hp
k
3= DT T0xg —X) T Qr(x§ —x*) +
k=1

(31)
+(uk _uk—l)T RE(uk _uk—l)]
where
k kK RX
Q, =AT.Q¥ and Ry = AT“ (32)

S
Using Eq. (22), Eq. (31) can be written in matrix form
as follows

I(X,Up) =(Xgp = X)T Qy(Xgp = X) +
+(EU, +Ug) Ry (EU,, +Up)

where Q,, R;and X, are defined in the Appendix.

Using Eq. (16) into Eq. (33) and discarding constant
terms, the objective function (33) can be written as a
function of the control sequence only, as follows:

(33)

J(U,)=g"U,+U HU, (34)
where

9=2[ H{Qu(PX’ +HgD—Xy;) +E"RyUy | (35)
and

H=H!QH, +E"R,E (36)

From Eq. (34), it can be seen that the control problem
has been reduced to the one of finding an optimal control

sequence U; that minimizes a quadratic objective func-
tion subject to the constraints defined in Eq. (47).

4.2, How MPC works
In MPC, the control values are assumed to remain

constant once the time control horizon t" has been
reached. This means that the values U (k) of the control
sequence U, remain equal to ufe for k=h+1---hy .
As a consequence, it is possible to express the complete

control sequence U, in terms of the effective control
sequence U, as follows:

U,=TuU, (37)
where the effective control sequence vector is given by
T

Ucz[uluzmuhﬂ (38)

and where matrix T is given by

-

T=|° 39
M ()

where matrices I and V are defined in the Appendix.

Note that, while U, is a vector of dimension h, x N;
containing the complete control sequence, U, is a vector
of dimension h,xN; containing the controls applied
during the control time horizon (k =1,---,h; ).

The last step in this formulation consists in expressing
the cost function J(U,) and the constraints in terms of
the effective control sequence U.. This can be done
straightforwardly by replacing Eq. (37) into Eqgs. (34)
and (47). Finally, the minimization problem can be writ-
ten in terms of U as:
minJ(U,)=g' TU, + Ul TTHTU,

_ (40)
¢ st Aineg TU¢ <Djneq

The solution of the minimization problem of Eg. (40)
gives the optimal control input sequence Ug— U,

which will command the airplane towards the desired
maneuver.

The proposed INL-MPC control algorithm operates
on-line as indicated below.

First, the current airplane's state x- and current con-
trol inputs u® are measured, then the optimal control
sequence U, is computed by solving Eq. (40). Then,

0

only the control input u'=Ug(1) corresponding to the

first sampling interval is applied to the aircraft. The
control loop operation is shown in Fig. 3.

20 ul
MPC Control Sequence :
ul
U* = 5 )
c . Automatic MPC
h bl [
u'e Control System

Fig. 3. Control loop scheme

4.3. Algorithm

It assumed that the control algorithm is in a control
unit embedded within the airplane. The control unit runs
with a refresh rate equal to the discretization period AT ;
therefore, as shown in Fig. 1, the aircraft controls remain

constant at u® until it is refreshed to a new value u**!.
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The algorithm and the control procedure using the pre-
sent INL-MPC technique are given in Table 1.

Table 1: INL-MPC Algorithm

Algorithm

Step 1: Initialize the variables tol and maxlter which
indicate the accepted tolerance to break the iteration loop
and the maximum number of iterations respectively. Set
the iteration index i=1.

Step 2: Initialize the control inputs sequence U$) of Eq.

(7) with the current control input u® and consider it
remains constant along the predictive interval [to,th"] .

Step 3: Given the current airplane state x’and the con-
trol input sequence Ug) find the vector of predicted

states X(') defined in Eq. (8) associated to the state-
space trajectory T(UY)).

Step 4: Linearize the non-linear aircraft system along the
state-space trajectory T(Ug)) to calculate the state-space

system matrices as defined in Eqg. (13). Then, compute
the prediction matrices defined in Eqgs. (43)-(45).

Step 5: Calculate the objective function's matrices de-
fined in Egs. (35) and (36) and the constraints matrices
given in Eq. (47) so as to set the matrices of the minimi-
zation problem (40).

Step 6: Compute the optimal control input U, with a

suitable quadratic program algorithm. Recall that the
control inputs for k>h, remain constant so that the

complete control input sequence can be calculated as
U, =TuU,.

Step 7: If, ”U;—Ug)”ztol and i <maxlter increment the
iteration index i<«i+1 , update the control input se-
quence U{) =U7, for the next iteration and go back to

Step 3.
Else, break the iteration loop and go to Step 8.

Step 8: Apply the first control input u"=U}(1) to the
airplane and move the time horizon one step ahead to the
next sampling step t© «—t°+ AT,
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5. APPLICATIONS

This section presents three aircraft's automatic maneu-
vers done with the presented INL-MPC technique:
1. Climb to a desired altitude at constant speed
2. Change of heading in the flight path at constant
speed and altitude
3. Perform a coordinated turn at constant speed and
altitude

For the presented applications it was assumed that the
UAYV is a Cessna 172 airplane. The state vector function
f(x,u) is given in Eq. (4). The necessary aerodynamic
and propulsion forces and moments, together with the
characteristic data of a Cessna 172 airplane were includ-

ed in [24]. Sampling period of AT =0.5[sec], prediction
horizon h, =20 and control horizon h; =17 are adopt-
ed. Both, hyand h, have been selected empirically,

increasing the horizons beyond those values produced no
significant changes in the system response and would
produce an unnecessary increase in computing times.

In order to properly weight physical states of different

. . k .
order of magnitude, the weights Q, are re-normalized
taking into account typical values xty, of states devia-

tions. The generic typical deviation for the state compo-
nent x(i) is noted as xryp(i) . Then, the values of the

weighting matrices (32) are selected as:

QX (i,i)ATs
max{x(i) — xep (1), X1yp (i)}
Furthermore, QX (i, j)=0and R¥(i, j)=0for i= j. Typ-
ical values of states deviations are selected as:

Qx(iii) = (41)

Viryp :5-0[%]10”}@ :1-0[deg],ﬁ'|'yp :10[d69]1 (42)
¢ryp =5.0[deg], y1yp =5.0[deg], zryp =100.0[m]
The weights Q¥(i,iyand RX(i,i) are defined for each

example. Their weighting values have been selected
empirically by simply weighting more the states and
inputs according to the desired airplane maneuver.

For the three examples, the following inputs con-
straints have been wused: thtly=0.0, thtly =1.0,

Oem =—20.0[deg] , Sem =20.0[deg], Jam =—20.0[deg],
Oam = 20.0[deg], Srm =-15.0[deg], Srm =15.0[deg] .
The inputs rates constraints used in the examples are:

[deg/sec], Sem =2.0 [deg/sec], Sam =-2.0 [deg/sec],

thtlp = -0.2 thtly =02  [V/sec], ey = 2.0

Sam =20  [degfsec],  Srm=-2.0  [deg/sec],

Srm =2.0 [deg/sec] .

Finally, the states constraints used are: W, =10.0
[m/sec], Viy = 76.0 [mysec], om =-16.0 [deg] ,
om =16.0 [deg], fBm=-15.0[m], pw =15.0 [deg],
hm =0.0 [m], hm =4000.0 [m].

5.1. First Example: Climbing Maneuver at constant
speed

The proposed INL-MPC technique is applied to the
aircraft, initially flying at an altitude h =1000.0[m] and
speed v = 45.0[my/sec], to perform a climbing maneuver
to a new altitude h=1500.0[m] while keeping a con-
stant speed. So the elements of the setpoint vector are
selected as: Xsp(1) =Vt, =45.0, X5p(3) = fsp =0.0,
Xsp (4) = ¢gsp = 0.0, Xsp(6) =sp =0.0 and
Xsp(12) =hsp =1500.0. To perform the climbing ma-
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neuver, the optimization weights are chosen as follows:
QX1 =100, Q%33 =100, QX4 4)=100,
Qk(6,6)=10.0, Q¥(12,12)=10.0 and RX(@L1)=0.1,
RX(2,2)=0.1, R{(33)=0.1,
k=1,---,hp. Note that only the states involved in the
climbing maneuver have been weighted: velocity v,
sideslip angle S, Euler angles ¢and w and height h.

The Euler angles are weighted in order to maintain the
straight and level flight condition.

1600 60

1400 T * 40

1200 : ’ 20

altitude variation [m]
velocitiy variation [m/sec]

’ Velocity
/ = = = Altitude

0
20 40 80 100 120

1000 -
0 60
Time [sec]

Fig. 4. Climbing maneuver
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Fig. 5. Control inputs - Climbing maneuver

In Fig. 4, it can be seen the evolution of the aircraft al-
titude and speed when the climbing maneuver indicated
by the INL-MPC control commands is performed. Note
how the INL-MPC automatic control system allowed the
aircraft to reach the desired altitude while maintaining
the speed practically constant. In Fig. 5, it is shown the
evolution of throttle and elevator inputs, respectively.
The commanded throttle increases so as the airplane
starts climbing. When the airplane is near the desired
altitude the throttle is reduced to prevent the aircraft
continuing climbing. The elevator moves to produce a
variation in the angle of attack so as to maintain constant
speed.

RX(4,4)=0.1, with

5.2. Second Example: Change of heading in the
flight path at constant speed and altitude

Consider that the unmanned airplane is again initially

flying at an altitude h=1000.0[m] and speed

vt =45.0[m/sec] . The INL-MPC algorithm is applied to
the UAV to perform a change of 90[deg] in the direction
of the flight path, while keeping constant both altitude

and speed. Thus, the desired values of the setpoint vector
are  configured as  follows: Xsp (1) =V, =45.0,
Xsp(3) = Bsp =0.0, Xsp(6) =ysp = % and
Xsp (12) = hsp =1000.0. The state weights are chosen as
follows: QX(1,1) =10.0, Q%(3,3)=1.0, Q%(6,6)=1.0,
QX (12,12) =10.0. Only the states involved in this ma-
neuver have been weighted: velocity v , sideslip angle
£ ., yaw angle  and height h . The input weight are
Rf@L) =01, RY22)=01,
RK(3,3)=0.1, RX(4,4)=0.1 ; with k=1,---,h, . The

evolution of the aircraft's position trajectory is shown in
Fig. 6.

chosen as follows:

1500

1000

y position [m]

o
(=3
=]

10500 2000 2500 3000
x position [m]
Fig. 6. Change of heading

As it can be seen, the INL-MPC automatic control sys-
tem allowed the aircraft to perform the ninety-degrees
heading change. The maneuver was performed keeping
constant altitude and speed. The evolution of the four
control inputs which are involved in the maneuver are
shown in Figs. 7(a) to 7(b). The throttle and the elevator
move jointly to maintain constant values of altitude and
velocity. The aileron and rudder produce a change in roll
and yaw moments and as a result the airplane performs
the change of heading in the flight path.

5.3. Third Example: Coordinated Turn at constant
speed and altitude
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Fig. 7. Control inputs - Change of heading

The last autonomous maneuver to be performed is a
coordinate turn at constant speed and altitude. Once
again, the airplane is initially flying at an altitude
h=1000.0[m] and speed v; =45.0[m/sec]. The INL-

MPC control technique is applied to the unmanned air-
craft to perform a coordinated turn while keeping con-
stant speed and altitude. So, the setpoint vector is con-

figured as follows: Xsp (D) = vy, =45.0,
Xp(3) = =00,  Xep(4)=hp = % and
Xsp(12) =hsp =1000.0. The state weights are chosen as
follows: Q%(1,1) =10.0, Q%(3,3)=1.0, Q%(4,4)=1.0,
Q'>‘<(12,12) =10.0. Only the states that concern involved
in this maneuver have been weighted: velocity v, side-
slip angle g, roll angle ¢ and height h. The input
weights are chosen as RE(Ll) =0.1,
RE(2,2) =01, R¥(33)=01 R(4,4)=01 with
k=1---,hy. Form Fig. 8 it can be seen that the resulting

airplane position trajectory clearly corresponds to a co-
ordinated turn. The maneuver was performed keeping
constant altitude and speed. The evolution of the four
control inputs are shown in Figs. 9(a) to 9(b). The throt-
tle and elevator inputs move together to maintain both
altitude and velocity at constant values. It can be seen

follows:

that the aileron and the rudder reach a final position that
makes the roll angle to go to the desired value.

1500

1000

y position [m]

o0
(=3
S

1000 1 5;00 2000 25‘00
X position [m]
Fig. 8. Coordinated turn maneuver

5.4. Additional Comments

For the presented application, the well-posedness of
each iterative minimization sub-problem, defined in Eq.
(40), has been evaluated and tested. Meaning that at each
iteration a correct convex sub-problem is being solved.
Because of the convexity, the termination of the optimi-
zation problem can be guaranteed. As a consequence, the
resulting optimization problems of the INL-MPC algo-
rithm are always well-possed.

The proposed algorithm has several advantages: 1) It
allows the inclusion of generic non-linear systems, 2)
The algorithm can be used as a centralized unit, which is
very important as it can take into account the dynamic
couplings between different reduced modes, 3) The pro-
posed method reduces the problem of non-linear optimal
control of a non-linear system to a series of iterative,
easily solvable , quadratic optimization sub-problems,
and 4) With the proposed method constraints can be
handled with ease, also, state and control inputs rates can
be penalized, allowing to take into account different
physical limitations of real systems.

Regarding the selection of the sampling period ATs, it
must be mentioned that, as the maximum natural fre-
guency of the modeled system is always below
fmax =0.71Hz], the sampling theorem requires that

ATs <0.7[sec], so ATs = 0.5[sec] was chosen.

A few additional comments regarding the implementa-
tion of the INL-MPC are given below. The UAV model
and the INL-MPC have been programmed in C++, using
the LTensor Library for matrix computations [25], they
run in parallel in independent computing units. Both the
UAV model and the INL-MPC algorithm run in real-
time. At the point of solving the quadratic optimization
problem (Eq. (40)) and Step 6 of Algorithm given in
Table 1 a call to Matlab's quadprog function (accessed
from C++ as a dynamic library) is made. Within this
function, the Interior Point algorithm was chosen. The
maximum computing time of the INL-MPC implementa-
tion is Atcpy = 0.3[sec] (with three iterations in the trajec-

tory optimization loop). This is always less than the
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control refresh rate ATs =0.5[sec], guaranteeing a real-
time simulation and control.
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Fig. 9. Control inputs - coordinated turn maneuver

6. CONCLUSIONS

In this article, an iterative non-linear MPC (INL-
MPC) technique for controlling general non-linear sys-
tems is presented. The INL-MPC algorithm is based on a
recursive linearization of the non-linear system's dynam-
ics along iteratively defined state-space trajectories. The
proposed method reduces the problem of non-linear
optimal control of a non-linear system to a series of
iterative, easily solvable, quadratic optimization sub-
problems. The proposed technique allows the inclusion
of constraints with ease. General constraints have been
addressed. Finally, the control algorithm's performance
is demonstrated through the realization of three different
autonomous maneuvers on a full 6-degree of freedom,
Cessna 172 aircraft model. In all cases the autonomous
maneuvers were performed successfully.

APPENDIX
Matrix Definitions:
d° A’
dt ATA°
D= d'2 , P= A2 A.l AO , (43)
dhr-1 Ahpfl. AL

B 0 0
A'B’ BS ... 0
Hu = AZAIBO AZBl e 0 , (44)
_Ahp L AlgY A A%g. Bhpfl_
c’ 0 0
A'c’ G' 0
Ho = A?aA'G’ At .0 | @D
_Ahp—lmAleoAhp—lmAz Gl“.th—l_

INi 0 --- 0 0
—Inilni - 0 0 _u°
e S0 0 waue 0| e
0 0 - Iy O 0
0 0 - —In Ini
where ly; is an identity matrix of dimension Nj x N;.
_ U -
Ip _Um
Um ATs —U
Alineq = _EE , Dineq = MEBsTE0 (47)
H —Um ATs +Ug
_|_ru XM_PXO—HQD
| ~Xm +Px% +HgD |
Q, 0 - 0 RSO - 0
00 -Q | 00.--R”
and
Tl o2 he ]|
Xsp—[Xstsp"'Xsp (49)
00 Iy
0 2 00 In
lc = : ’\:‘l . and V = 00|NI (50)
00 001y

where In;and Icare an identity matrices of dimension
NixNjand (Njxhc)x(Nixhe), respectively. Vis a
matrix of dimension (N;j x(hp —h¢)) > (Nj xh) .
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